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Abstract 

Quantized fields in accelerated frames (Rindler spaces) with emphasis on gauge fields are inves- 
tigated. Important properties of the dynamics in Rindler spaces are shown to follow from the scale 
invariance of the corresponding Hamiltonians. Origin and consequences of this extraordinary prop- 
erty of Hamiltonians in Rindler spaces are elucidated. Characteristics of the Unruh radiation, the 
appearance of a photon condensate and the interaction energy of vector and scalar static charges 
are discussed and implications for Yang-Mills theories and QCD in Rindler spaces are indicated. 
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I. INTRODUCTION 



I will report on an investigation of gauge fields in static space times which has been 
carried out in collaboration with K. Yazaki and K. Ohta pQ. Our interest in this subject 
was triggered by the Ads/CFT correspondence which opened the possibility to formulate 
effective theories of e.g. QCD in terms of quantum fields in gravitational backgrounds. The 
studies I report on are intended to improve and extend our understanding of the peculiar 
properties of the dynamics of quantized fields in static space-times. 

The following discussion will focus on results concerning quantized gauge fields in Rindler 
spaces or equivalently quantized gauge fields as seen by a uniformly accelerated observer. 
The metric of Rindler spaces incorporates the physics of the relativistic generalization of a 
homogeneous gravitational field and can therefore be used locally as an approximation to 
more complicated spaces such as the space close to the horizon of a Schwarzschild black 
hole. Since the discovery of the so called Unruh effect [2J El H], i.e. the appearance of a 
heat bath as a result of the acceleration and its relation to Hawking radiation about 30 
years ago, conceptual questions concerning the presence or absence of radiation have played 
an important role (for a review cf. [5]). Applications of such studies have addressed the 
motion of particles in accelerators (cf. [6J), acceleration induced decays of particles |8] or 
the possibility of thermalization in relativistic heavy ion collisions [9J. While most of the 
results have been obtained for scalar fields no systematic investigations of the properties of 
gauge fields in Rindler spaces have been carried out. 



II. KINEMATICS 



A uniformly accelerated observer in d + 1 dimensional Minkowski space moves along the 
hyperbola [TU] 

X 2 -t 2 = ^, X_l = 0. (1) 

cr 

The acceleration is denoted by a and the d-1 coordinates transverse to the motion by x^ . 
The initial conditions 

1 dx 
x(0) = -, — = 0, 
a dt t=o 

have been chosen. To describe quantum fields as seen by the accelerated observer we trans- 
form into his rest frame and consider the coordinate transformation 

t, x, x± — * t, £, x± : £(r, £) = - e a ^ sinh ar , x(t, £) = - e a ^ cosh ar , (2) 

with the inverse 

x 2 - t 2 = -t; e 2< , - = tanh ar . 
a 1 x 

By construction, £ = corresponds to the hyperbolic motion (flj or, more generally, a parti- 
cle at rest in the observers system at £ = £o =const. corresponds to the uniformly accelerated 
motion in Minkowski space with acceleration aexp{— a£o}- Trajectories of uniformly acceler- 
ated particles for different values of £o are shown in Fig. [T] together with the lines r =const. . 
We note that the mapping (J2j) is not one-to-one. The coordinates — oo < r, £ < oo cover 
only one quarter of the Minkowski space, the right "Rindler wedge" R + (region I) 

R ± = {x^lt] <±x} . (3) 



2 



FIG. 1: Kinematics of uniform acceleration 



Upon reversion of the sign of x in Eq. Q the left Rindler wedge R_ (region III) is covered 
by the corresponding parametrization. As illustrated in the Figure, the light cone x = t 
corresponding to £ = — r = — oo is an event horizon. The light cones indicate that in region 
I signals can be transmitted to region II but not received from it. Signals received from 
region IV appear to have originated from the horizon £ = r = — oo. The space-time defined 
by the coordinate transformation d2]) is called Rindler space and its metric is given by 



Observations in the accelerated frame can be interpreted equivalently as observations of 
a stationary observer in a gravitational background. Indeed the Rindler metric accounts 
for the gravitational field in the near horizon limit of a Schwarzschild black hole (cf. 
with the black hole horizon at x — t — and the acceleration given by the inverse of the 
Schwarzschild radius. In the non-relativistic limit, ar C 1, the Rindler metric yields a linear 
potential 



generating the parabolic motion of test particles around t = (cf. Fig.jT]). 

III. SCALAR FIELDS IN RINDLER SPACES 

In preparation for the discussion of gauge fields I will introduce some of the relevant 
concepts in the context of scalar fields in Rindler spaces. The action of a non-interacting 
scalar with self-interaction V((f>) in curved space-time is given by 



with g denoting the determinant of the metric. In Rindler space, and keeping only a mass 
term this expression reduces to 




(4) 



^~y(<7oo-l) = y(e 2 *-l) 



ac 2 £, 





dr d£ d^x^d^f - {d^f - (m 2 (f) 2 + (d ± (j)) 2 ) e 2a «} . 



(5) 
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FIG. 2: Left: Eigenfunctions of the wave equation pi) for uj/a = 2 and two values of the transverse 
mass Q and corresponding potentials of the wave-equation Q. Right: Trajectory of a particle 
moving with constant speed in Minkowski space as seen by a uniformly accelerated observer (solid 
line) and asymptotic value of the transverse position (dashed line). The points indicate the values 
0,1,2,3,4. 
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Since \/\g\g 00 = 1, the expression for the canonical momentum is standard 

ir(x) = d T (f>(x) , 

and so is the equal time commutator for <fi and tt. The fields are expanded in terms of the 
normal modes of the associated wave equation 

0(r,£,x ± ) ~ J -^d d - 1 k ± {a{uj,k ± )e- iWT+ik ^ + h.c.) K^(m ± e a ^j , (6) 



with 

ml = (m 2 + ki)/a 2 , (7) 

and the normalization chosen such that the commutator of creation and annihilation opera- 
tors a^'(u, kj_) is standard. The non-trivial ^-dependence, given by the McDonald functions 

( m _L e ^ 1 satisfying the equation 

( - 4 + a 2 m\ e 2 < - ^ 2 ) K i% (m ± e<) = (8) 

is illustrated in Fig.|2} The repulsive exponential potential prevents propagation of the wave 
for positive £. This repulsion accounts for the fact that a particle moving with arbitrary 
constant speed in Minkowski space is seen by the accelerated observer to approach £ = — oo 
and the speed of light for large times r. This is shown in Fig. [2] for a particle starting at 
t = at axQ = 2 with velocity v x = 0.5 , v y = 0.3. At ar = 0.55, the x-component of the the 
velocity of accelerated observer and particle coincide and the ^-component of the velocity 
of the particle vanishes. In the accelerated frame, the transverse velocity of the particle 
vanishes exponentially for large times (~ exp{— 2ar}) as a result of the forever increasing 
time dilation induced by the acceleration. Around r = 3, the particle has essentially reached 
its asymptotic transverse position ay^ = ax v y /(l — v x ) in the accelerated frame. 



4 



A. Scale invariant Hamiltonian 



The Hamiltonian of the scalar field in Rindler space is given by 

/roo 
d^kxj duua!(u,\sL ± )a(u,\c±). (9) 

Unlike in Minkowski space, the energy uj of Rindler particles is independent of the transverse 
momentum and mass though the solutions of the wave equation (|8]) depend non-trivially 
on these quantities as is illustrated in Fig. [2] for two eigenfunctions with the same energy. 
The kinematical origin of the degeneracy of the energy eigenvalues with respect to the 
transverse momenta is the time dilation in the accelerated frame leading to asymptotically 
vanishing transverse velocities. The degeneracy can also be interpreted as a consequence 
of a symmetry. For a massless scalar field, the invariance of the action ^ under the scale 
transformation 

r' = r , e^' = e aio e ai , x' ± = e <0 x ± , (10) 

0(r,^,x ± )^e( d - 1 ^/ 2 0(r,r,x / ± ), 
is manifest. The generator of this transformation 

Q = J d&^xMZ, x±) + a + x ± ± ) | <\> 

commutes with the Hamiltonian but not with the transverse component of the momentum 
operator 

[H m=0 , Q] = 0, [P u H m=0 ] = , [Pi, Q] = -iaPi , i ^ 1 . (11) 

Together with the rotational symmetry in the transverse space these commutators imply 
the degeneracy of the Hamiltonian ^ . In the presence of a mass term, the generator of the 
symmetry transformations reads 

Q = J d£d d - l x ± Tr(£,x ± )fdt + + x ± d ± )</> + am^^+xxSj 

J ^-W(|x±-yJ)0(T,£,y±)J with A_l0(x_l) = -<5(xi). 

It is remarkable that the dimensionful Rindler space Hamiltonian is invariant under scale 
transformations and that this invariance persists in the presence of a mass term. 



B. Unruh heat bath 

Here I will discuss the dynamics of scalar fields in Rindler space in terms of the dynam- 
ics in Minkowski space observed in a uniformly accelerated frame. The starting point for 
establishing the relation between the scalar field theory in inertial and accelerated frames is 
the identity of the fields in accelerated and inertial frames (Rindler wedge) 



(T,f,X_L) = 0(*,X) 



t,x=t,x(r,£) 
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Projection of this equation onto the Rindler space normal modes ^ yields the following 
relation (Bogoliubov transformation) between the creation and annihilation operators in the 
two frames 



a(0, kj_) 



a sinh it - 



dk 



e'i* d(k, k±) + e '^a\k,— k 



(12) 



Observations in the accelerated frame are performed in the Minkowski (|0m)) rather than 
the Rindler space vacuum (barring a local cooling in the observers rocket). A fundamental 
quantity is the number of particles measured in the accelerated frame which with the help 



of (12) is found to be 

(0 M \a\Q,k ± )a(Q',k' ± )\0 M ) 



e a 



-5(n - n')5(k ± - k' ± ) . 



(13) 



In the accelerated frame, a thermal distribution of (Rindler) particles is observed. For a 
detailed discussion of the "Unruh effect" cf. [5j [12] . I will discuss the Unruh radiation in 
the context of the electromagnetic field. 



IV. GAUGE FIELDS IN RINDLER SPACES 

Starting point of the canonical quantization of the electromagnetic field is the Rindler 
space action in the Weyl gauge A = 

S[A] = l -j drd^x^e-^idoA,) 2 + J2[(doA I ) 2 

J 1=2 

d 



J>I=2 



In the Weyl gauge, the quantization of gauge fields in Rindler space is standard 
IF = d A\ [IP(r, e, xj, Aj(r, ?, x' ± )] = -6 tj 5^ - ?)6(x ± - x' ± ) . 

% 

The GauB law is implemented as a constraint on the space of physical states 

•Wlv) = o, 

and the Hamiltonian reads 

H= l -j d^d d -W{e 2a ^u 12 + J2n I2 + it ( F u + ^ E F ") } • 



1=2 



1=2 



J>I 



(15) 



Following the method developed in section HI A one easily derives the degeneracy of the 
energy eigenstates without explicit construction of the normal modes of the system. Under 
the scale transformations (cf. Eq. (Jloj)) 



(16) 



A(r,e,x ± ) - e^-^/ 2 A 1 (T,e,^ x ) 
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the action ( 14 ) remains invariant and the generator of the symmetry transformations is given 
by 



Q A = j d^dx ± ^J2w[d ( + a(^+^ ± d ± ) 



A { - aIl 1 A 1 



(17) 



The generator Qa, the Hamiltonian and the transverse momentum operator of the 
electromagnetic field satisfy the operator algebra (11) with the same consequences for the 
spectrum as for scalar fields. 



A. QED and QCD in Rindler space time 

The transformation property of the covariant derivative 



(18) 



is essential for the symmetry analysis of interacting gauge theories. The Rindler space action 
of the electromagnetic field coupled to massless fermions (cf. [131 E3]) 

S[A,^,e\ = S[A] + j dTd£d d ~ l x ± 

4, i { 7 ° (do - teAo) + 7 1 (d 1 + a - - ieAj + e a W (dj - ieAj) }^ , 



transforms under the combined transformation of gauge ( 16 ) and fermion fields 

e (d-i)«€o/2^( r ^/ jX / ± ) 

as 



with generator (cf. (Jl~7|)) 



Q = Qa~ i j d^dx^ift + a( - - + x_l9_l) 



(19) 



and with the following change in the coupling constant 

e(£ ; 



e (d-3)a^ /2 e _ 



(20) 



This result applies also to Yang-Mills theories coupled to massless quarks. The transforma- 
tion of gauge fields (16), of covariant derivatives (18) and of fermion fields (19) have to be 
applied to each color component and the coupling constant e in (20) replaced by the Yang 
Mills coupling constant gyu with the result 

S\A^,g YM \ -> S[A,i>,g Y M^o)} ■ 

In 3+1 dimensional Rindler space time (d=3) the combined transformation leaves the (tree 
level) Hamiltonians invariant 

[H QED ,Q] = 0, [H QCD ,Q]=0, 
implying degeneracies in the spectra. 
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B. Electromagnetic fields in accelerated frames 



In order to study detailed properties of electromagnetic fields in Rindler space, the Gaufi 
law constraint has to be resolved and the normal modes have to be constructed pQ. The 
resolution of the GauB law constraint is most efficiently achieved by decomposition of the 
gauge fields in transverse and longitudinal fields 

A* = A 1 + d i i djA j , A = -did 1 = <%- 2a «<9 f + d\ . (21) 

The normal mode decomposition of the transverse field operators A 1 is carried out in terms 
of the d-1 annihilation and creation operators a\ (u;,kj_). The normal modes are given by 
the McDonald functions ^ and powers of their argument. In order to establish the relation 
between measurements in inertial and accelera ted fra mes we again have to identify appropri- 



ate field operators in the two systems (cf. Eq. (Ill B )) . Here the transverse gauge field A^x) 



in the accelerated frame x = {r, £,x_i_} has to be identified with the transformed inertial 
frame (transverse) gauge field Ai(x) in the Rindler wedge x = {t, a^x^} = x(r, £, xj_) 

dx^ ~ C T Ox^ ~ 

Mt,Z,x±) = -Q- A k {x{r,i^))-— I dr' — A k (x(r' ,£,x ± )) . (22) 

The first term on the right hand side accounts for the coordinate transformation of a vector 
field, the second represents the necessary gauge transformation to the Weyl gauge. Projec- 
tion on the normal modes of the components of the transverse gauge fields yields as above 



(12) the expression of the Rindler space creation and annihilation operators in terms of the 



corresponding Minkowski space operators 

d-1 



+ e-^i^-kJatfo-kL)! , (23) 



where the matrix R describes the mixing of the components of the gauge fields under the 



coordinate and gauge transformations of Eq. (22). 



C. The electromagnetic Unruh heat bath 



The relation (23) of the creation and annihilation operators in inertial and accelerated 



frames implies the following expression for the number of Rindler photons in the Minkowski 
vacuum (cf. Eq. (fl3|) 



u, kj_ )cij(u/, k^ 



)|0m) 



-5ij 5{uj — u/)5(kj_ — k'j_ 



Although of the same structure as the corresponding expression for the number of Minkowski 
space photons at finite temperature, the different dispersion law of Rindler photons -j^- = 
gives rise to significant changes in Unruh as compared to blackbody radiation. I illustrate 
this by a discussion of the energy density H (cf. Eq. (15)) of the Unruh radiation. As in 
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FIG. 3: The integrand of Eq. (24) in comparison with the corresponding integrand of the energy 
density in the blackbody radiation in 3 space dimensions as a function of to in units of the accel- 
eration (a) and the temperature (T/2ir) respectively 



finite temperature field theory, divergences in Ti are avoided by normal ordering with respect 
to the (Rindler) ground state and the following result is obtained 

(0m| : W(£,x_l) : r \0 m ) = N d a d+1 e^ d ^ / -dua(-) , (24) 



a(K) 



K 2 + l(d-l) 2 [ kP °^^) 
e 2 ™ + (-l) d 1 Pl_ 2 U 2 



where P°_ 3 and P|_ 2 denote everywhere non-zero polynomials for odd and even space di- 

— 2~ — 2~ 

mensions respectively with the degree given by the index and with asymptotics 

K PU(K 2 ), PU (« 2 ) > (Kf- 2 . 

2 2 K^OO 

After redefining the energy density with respect to the measure \f\g~\dt;dx± instead of the 



flat measure (15), W(£,xj_) = e 2a ^7i(£, xj_) , Eq. (24) is rewritten as 



(0 M \ : H%x±) :r |0 m ) ~ {ae'<) d+l ~ T d+1 
with satisfying Tolman's law of relativistic thermodynamics [15] 

T^y/gm = const . 



As is illustrated in Fig.|3j the integrand in Eq. (|24j) exhibits significant differences in the 
frequency distributions of Unruh and blackbody radiation respectively. The two integrands 
agree in their high frequency behavior (~ u d e~ w ); at threshold the integrand of the Unruh 
radiation approaches a constant while that of the blackbody radiation vanishes like ~ u d ~ l . 

The appearance of a photon condensate is another consequence of the different dispersion 
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laws of Rindler and Minkowski photons. Unlike in Minkowski space at finite temperature, 
in Rindler space the photon condensate is in general different from zero 



(0 M \ :H E -H B : r \0 M ) = N d d d e^ {d ^ ^ 



^ I I ,. ' ■■• \ „2 



o e 2 ^ + {-iy |p 



2 



It vanishes for <i = 3 and is dominated for higher dimensions by the magnetic field contri- 
bution. 



D. Interaction energy of static charges in accelerated frames 

In the last application I will discuss the interaction energy of two uniformly accelerated 
static charges measured by a co-accelerated observer. The Coulomb energy of oppositely 
charged pointlike sources in Rindler space is given by 

K7 = e 2 Z>(£ 1 ,x L ,£ 2 ,0_ L ), D(x,x') = (x|i|x'), 



with the Laplace operator A defined in (21). The static propagator can be evaluated ana- 
lytically in terms of Legendre functions of the second kind 



V r e-^( d - 2 ) 



i = - e -^^(- 2 -^ d -^Qt\u). (25) 

The quantity xj_i, £ 2 > X12) is given by the geodesic distance d g in units determined by 
the average of the coordinates £i, £2 of the 2 charges 

The left side of Fig.|4] shows the geodesic connecting the two charges. The strength of the 
interaction e 2 also "runs" with the average £ coordinate. Its definition 

6 2 / d \ d~ 3 I 

e ' = (a- 2 e<^+^))( d - 3 )/ 2 = V TfJ e2 (-2^ 1 + ^ 2 ))' 



is in accordance with the definition (20) of e determined from the scaling properties of 
the action of the Maxwell field. The running of e with the £ coordinates of the sources 
is reminiscent of the Ads/CFT duality where the scale is set by the coordinate transverse 
to the 4-dimensional Minkowski like space [IB] . The interaction energy displays power law 
behavior for large and small distances 

Vn e 2 Vr, e 2 



a s^o s d ~ 2 ' a s^oo s d+1 
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FIG. 4: Left: The geodesic connecting two charges at equal time. Right: Interaction energy of 
static vector (Vc) and scalar (V s ) charges in 3+1 dimensional Rindler space multiplied with their 
distance in comparison to the same quantities in Minkowski space 



At small distances it agrees with the inertial frame result and is suppressed by three powers 



at large distances. In three space dimensions (as for any odd d), the interaction energy (25) 
can be expressed by elementary functions 

In Fig. [4] this interaction energy in an accelerated frame is compared with the inertial frame 
result and with the interaction energy V s of sources coupled to a massless scalar field. Com- 
mon to the three interaction energies is the familiar "1/r" behavior at small distances while 
at large distances scalar and vector interaction energies differ from each other and both from 



the inertial frame result. In Rindler space, the scalar propagator is the inverse of (cf.(21)) 



A s = -e 2a ^d% = <9f + e 2a ^8\ , 
and, independent of the dimension, the following ratio of interaction energies is obtained 



V c V 2 V 4 



V. CONCLUSIONS 



I conclude with a few remarks, concerning Yang-Mills fields and QCD as seen by an 
accelerated observer. Due to its kinematical origin, the characteristic Rindler space degen- 
eracy must show up also in the spectrum of interacting theories. Whatever the elementary 
excitations, their energy measured by an accelerated observer will neither depend on the 
transverse momentum, nor on the mass of e.g. glueballs or mesons. Furthermore the anal- 
ogy with the finite temperature Yang-Mills theory or QCD leads one to expect that either, 
as a function of the acceleration, these systems exhibit a phase transition or, because of the 
high degeneracy, do not exhibit at all a confined or a chirally broken phase. In line with 
such an expectation is the observed weakening of the electrostatic interaction of charges at 
large distances. 
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